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1. Introduction

This report concerns the numerical solution of Fredholm
integral equations of the first kind.

1
(1.1) Ax(s) =j K(x,t) x (t) dt = y(s)
(@]

where K(s,t) = K(t,s) is a real and continuous function
in 0 <s, t < 1.

It is well known (see e.g. [1] p. 135) that (l.1) possesses
a solution in L2(o,l) only for those furrtions Y on the righthand
side for which the series E;[(y,@i) / Ki]Z converges; here
{xi,mi} is the eigensystem of Ap = A\p. On the other hand, in
many applications the function y on the righthand side is usually
only known at finitely many points. Accordingly, in Sec. 2 we
introduce a moment type discretization of (l1.1) which possesses
an infinity of solutions. After selecting a "minimal solution"
of this system we establish a relationship between this function
and the solution of (1.1) - if the la;ter exists.

A further problem connected/ﬁ{;h the equation (1.1} is tle

noncontinuous dependence of the solution on the righthand side.
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Indeed, addition of a highly oscillatory bounded function - e.g.

‘ sin(nt)-to x(t) will not appreciable affect the righthand side for
1
. r .
n large enough since | K(s,t)sin(nt)dt - 0 as n - ®. The numeri-
o

cal manifestation of this instability have been described repeatedly
(C27, [31, T41). As a consequznce, when a finite-difference dis-

cretization of the type

(1.2) hziwiK(sj,ti) x (£)) dt = ¥(s))

is applied to (1.1), the approximate solutions of (1l.:Z) become
oscillatory when the mesh size of the subdivision tend to =zero.
This is due to the near singularity of the system (1.2) whia! i
turn follows from the continuity of K(s;t).

In order to eliminate these oscillations, various smoothing
procedures have been proposed ([27,[31,[41). Smoothing is essenti-
ally equivalent with the elimination of those components of the
solution which belong to the smaller eigenvalues and correspond-
ing eigenfunctions, Accordingly, it is desirable to estimate
the closeness of approximation as a function of the eignevalues.
In sec. 4 we show that the method of steepest descent does gene-
rate a smooth sequence of approximations which admits an estimate
of this kind.

Finally we demonstrate on a number of examples the numerical
procedures involved.

2. The Minimal Solution

In this section we utilize the method of 'Op timal approXimation



[5]1 in dealing with a discretized version of {(1.1).
In many applications the righthand side y(s) of (1.1)
is only known at finitely many points sie[o,l] rather than
as a function defined at each point of the interval. Accord-
ingly, instead of equation (l.l1) we consider the problem of

solving the set of linear relations
1
JO K(si,t) x (t) dt = Y(Si)

or

(2.1) (Ki,X) =Y. i=1,..., n , y, = y(si),

for short.

For the sake of simplicity let us assume that Si.1 " S; ~

const, i = 0,..., N-1. We can also assume that the N functions
Ki = K(si,t) are linearly independent i.e., that they span

. . . 2 .
an N-dimensional linear subspace Kn of L (o,1). 1In this sub-

space (2.1) has a unique solution.

.2.2. X* .t\ = o K IL\ +...'i' w I( It\ .
(2.2) (t) 15 (0 nXp (5

In fact, substitution of (2.2) into (2.1) yields for the (ai)

the equations

(2.3) Zi(Ki, Kj) o = v, 3= 1,...,N.

The matrix of this system is the Gramian ((Ki' Kj)) which is
nonsingular due to the independence of the Ki'
1l . .
Any function x*+x2 with x2 € Kn is a solution of (2.1),

and conversly, any solution x(%t) of (2.1) can be uniquely




represented in the form x = x_+x. where x_€ K and x. € K
‘ 1 2 1 n 2 n
Evidently, xl = X* and since (x*,x2) = 0 it follows that
(2.4) |=+[| < ||
for any solution x of (2.1).
In summary, we assumed that the physical system satisfies

the set of linear relations (2.1); and we found that then any

solution of (2.1) can be represented in the form x = xX*+x

i
n

2

where x* is uniquely determined by (2.1) and x, € K_ . Since

_ 2
X, is quite arbitrary, there is no reason to accept any particu-
lar one of these solutions without further information. More-
over, it should be clear from the outéet.that this additional
information should concern X, only.

Let us consider two possibilities for the additional
information.

Suppose that physical considerations indicate that the par-
ticular solution to be determined is contained in the neighbor-
hood of a given function w, and that w = wl+w2 with wl € Kn and
w2 € Ki. The, either wl = x* or else w islincompatible with
.(2.1). In either case, the solution x*+w2 should evidently be
the one to be adopted.

If additional information concerning the solution x(t)
‘has the form of a bound Hx”2 < r?, then r has to satisfy

2

Hx*H2 < r’. If HX*H2 < r? then, any properly normalized

element X ¢ K:' can be added to x*.



‘ - For reasons to be explained presently, we choose from

the totality of the solutions of (2.1) the "minimal solution"

x* as our reference function.

Consider the case when (l.1l) does possess a solution and
(2.1) is a discretization of the integrai equation on a finite
set 0 = s_o < sl <...< Sn = 1. It is not necessarily true that
the sequence of minimal solutions of (2.1) converges to the
solution of (l1.1) as n - . However, as the following discussion

. .
shows, under certain conditions a modified procedure does gene-
rate a convergent sequence.

Assume that (1.1) has a continuously differentiable solu-
tion z(t) which takes on the boundary values z (o) = a and
z(l) = b. Then, we obtain from (l.1) by partial integration

1 .
(2.4) [ 3(s.t) c(v) at = n(s)
o
where
t
J(s,t)= f K(s,t) dt
o}

n(s) = - y(s) + bd(s,1l) - ad(s,0) and

() =4 (z(8).

dt
For the sake of simplicity suppose that a=o and consider the
problem of minimizing the quadratic form ({,() under the con -
ditions
1
(2.5) (3,,¢) =n, and j ¢ (t)dt = b
o

where

= . = '= .,.,n.



This problem has a solution for every partition

0 =s, <s, <...< 3 =1 provided that det(b..)¥o where
1 2 n ij
b,.. =b.,, = .,J.) for i,j =1,..., . = b, =
i3 34 (Jl J) r i,j 1 N and bn+l,j bj,n+l
rl
i J (b)dt i=1,..., db =
Jo j( ) =1 N an n+l,n+1l 1

This latter condition is satisfied if the functions
Jl(t), ..oy Jn(t), 1, are linearly independent which may always
be assumed. It is now easy to prove the following theorem:
Theorem If (1.1) has a continuqusly differentiable solution
3

z(t) which assumes the boundary values z(o) = o, z(l) = b,

and Qn(t) is the minimal solution of (2.5), then the sequence
t o

(2.6) X (t) =f ¢ (t)dt
n n
© 2
converges to z(t) in the L. norm if

Il (K, z) - (K,Xn)H - 0 as n -®,

Proof Since z(t) satisfies the conditdons (2.5) for all N,

and gn(t) is the minimal solution under the same conditions,

we have

ld } i d

IS (el = flc i<z
'dt n n dt

Thus, the sequence (Xn(t)) is uniformly bounded (xn(O) = 0)
and equicontinuous. Moreover, it satisfies the set of linear
relations
- =Y. i=1,...,n.
(Kl xn) Y i n

Consider now the linear transformation A of (l1.1) restricted

to the set (xn). Since A is continuous and {Axn}. Hence, from




HJr

K(s, t) xn(t)dt—y(s)H - 0 as N - » it follows that
0.

lx -2l - 0o as n~ =,

n
Remark: (1.1) has a continuously differentiable solution for
example, if -gé(K(s,t) exists and is continuous in 0 <s, t<1l,
and if the righthand side has a finite Fourier expansion in
terms of the eigenfunctions of K(s,t).

Uniqueness of the solution is not required. (xn) converges

1

to that solution @f (1.1) for which Jo [k(t)]2dt is minimum.

3. The Hypercircle Inequality

Since the inverse of our integral operator is not con-
tinuous, there seems to be no way to obtain a priori estimates
for the approximation. Nevertheless, we can obtain a poéteriori
estimates if a bound for the solution z(t) of (1.1) is known.

Let L=L(x) be a linear functional in L2(o,l) represented
by the function h(t), i.e., L(x) = (h,x) for all x e L2. Further-
" more, let x=x(t) be any solution of the system (2.1) and
kl(t),..., kn(t) an orthonormal basis for the subspace Kn
spanned by Kl(t),...,Kn(t). Then, the hypercircle inequality
[5] states, that n
(3.1 L0 - Lo ) |2 < APl 2 amlY | nkg) 1)

i=1

provided x*n is the minimal solution of (2.1). Since z(t)
is also a solution of (2.1), the inequality (3.1l) applies

with x = z.



Among the various possible choices of the functional h

the most obvious one is the following delta type function

m t - 1/2m < + <t + 1/2m

o 1t -+tl>1/2m.

. 2 . .
In this case |Ih|“ = 1 and by Bessel's inequality

2 Nt
0 < (|nl|” - Z,l(h'ki)‘2)< ]. ubstituting this into (3.1) we obtain
i=1
12

(3.2) |2y = choxe )| < fl2)® - e 12

For m large we may interpret (h,x) as the value of x(t)

an
at t = 1, and (3.2) becomes a uniform estimate for the approxi-

mation of z(t) in terms of the minimal solution X*n(t)"
Applying the Schwartz inequality to any one of the re-

lations (2.1l) - which are of course satisfied by x*n - we find that

2

- l® < - v /g

or

2
(3.3) (a2 - max|® <c® -

2 2 2
with M2= max yi / ”I&H and ( an upper bound for |z||”.
The inequality (3.3) is only of theoretical value since

we are usually unable to compute the exact solution of (2.3).

Let g* = (g¥*

ee., ¥ d o=
1 an) and o=(x

l,...,an) denote the exact and

and approximate solution of (2.3), respectively, and set

x* = Ya* K, (t) and x = Zo.K (t). From (3.3) we obtain than
n i i n iti




2 2 2
l (hfz) -(h,x ) |© < | (h,2) = (h,x*) | "+ (L, x%) = (h, x ) |

n
2 2
< ¢“-p” + | (h,T (a*-a.)K.)|2
iml 1 1 1
2 2 2y -
(.4) < Pan? womax [k (0] 27Y) el
O<t<1

i=l,...,n

where HK-lH is the (A2) norm of the inverse of the Gramian
((Ki,Kj)) and He” the corresponding norm of the vactor o*-«.
For large n the Gramian tends to be rather illconditioned
s
and the estimate (3.4) accordingly becomes meaningless. For

2 2 . L C
small n the term ( -p will be more significant. By definition

2, and this indicates that the dis-

we have uz = max y./|IK

i
cretization points should be chosen in such a manner that u
is as large as possible.

4. The Method of Steepest Descent

According to the last remark, the "minimal solution" of
the system (2.3) admits a meaningful estimate only when the
number N of discretization points is small. On the other hand,
Qhen the righthand side of (1.1) is known at a large number of
points we will not discard part of the available information in
order to keep the order of the corresponding algebraic system
small. Another difficulty connected with the solution of
(large order) nearly singular algebraic systems was mentioned
in the introduction namely, the oscillation of the approximate

solutions obtained by direct methods.
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In this section we return to the finite difference dis-
cretization (1.2) of the integral equation. However, instead
of devising a smoothing procedure imposed on the system (1.2)
by additional constraints, we show that the method of steepest
descent [6] automatically screens out components corresponding
to smaller eiéenvalues, thereby generating smooth approximate
solutions;

We consider first a simplified version of the steepest
descent method. Let xO and y be vectors in Rn' A a positive
definite N xN matrix and (xn) the sequence generated by the
algorithm

(4.1) X 1%, M T

It is easy to see that x ~converges to the solution x*

of the equation Ax =y if0<u<2/ﬁ_ and A, is the largest eigen-

i

value of A. 1Indeed, let A, >A,2 ... > A, > o be the eigenbalues

and Pyroces®P the corresponding eigenfunctions of A with the
n .
property that (¢i,¢j) = bij' Then, ro=Axo—y=Z ?oiwi
dr (I-pA)r (I-pA) r
a = — = L..= -
n n+1 . n o

or

.
- .Y
roers By The e ey

Since 0< p< 2/)\1 we have | l—xiu|<1 i=1,...,N.

Thus, r - o and x - x*%*,
n n
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. On the other hand, it is clear that the rate of convergence
is different in the different directions ¢, -Let u=2 9/)\1, O<9<1.
1

If® < 1/2 the convergence is fastest in the direction of Py

since in this case

o<1l -pr, <1- uxi i=1,..., N

1

We can improve the convergence in the direction of P - by choos-
i = Ay/20., - 1if A, > .
ing ® = ry/2h, if A, >y /2

If k is the first index such that A < xl /2 then

k
- > - i =

1-wy >4 -y i=k+l,...,N.

This last inequality shows that for any choice of 0<9<]| the

convergence factor (i—uxi) will be very close to ] for the small

‘ eigenvalues.
From (4.1) we obtain
n+1l n o) o)

d Y = * = * 1
and setting X Zgniwi, X zgi¢i we obtain
n
.2 ., = - - * R
(4.2) ¢ o= [1-(1-wr ) Tc¥

.which is an estimate for the coefficient of P; in the n-th iterate.
If the matrix A stems from the discretization of a continuous
kernel K(s,t), most of the eigenvalues will cluster around zero,
so that the contribution of the oscillating eigenfunctions to
the n-th iterate will remain small, for n moderately large.
(In actual computations oscillation did not take place even after

. 200 iterations.)
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We consider now the standard steepest descent method, i.e.,

the method where the successive iterates are generated by the

algorithm
(4.3) xn+l= X —Nanrn
n T AXn Y
o = (r .r)/(Ar ,r )

The rate of convergence can be estimated by the inequality
([e] p. 608)

n
- x| < 2xe = vl f_li_t«_)
N X1+XN

where Xl is again the largest and AN,the smallest eigenvalue

I,

of A. Since in our case XN is very small, this a priori
estimate is rather pessimistic. As before, we can show that
convergence is faster in the direction corresponding to larger
eigenvalues.

Retaining the previous notation we obtain from (4.3)

= =C* = - * - ! =
'(4.4) €n+l,i €n+l,i Ci (Qoi Qi)(l aoki)...(l—dnki)(l 1,...,N)
and
2
zixieii
(4.5) an = 5713;77
i i ni
Evidentl Ay > -l A As long as -l A./2 convergence
Y: 1_Q/n _No g an l g

takes place in every direction 9, like in the case of the simplified
steepest descent method. Also, since the rate of convergence 1is

slow in the directions corresponding to small eigenvalues, the




‘ iteration produces smooth approximations for n moderately large.
Let us consider now the case of a;l S_Xl/Z. There exists

integers k=k(n) and L,= L(n) with the property that

-1 -1
> 2 > A >.0.> A2 > > e
(4.6) Mz 2o 2 AppnZe 2 A E ¥y 2 22y
From (4.5) and (4.6) it follows that
-2 2 -1 - 2 2 -1
@7y e By o VA ein (g T y)
i in L
i=1 L+l
. 2 2 o
Setting max in = B we find that
L+1<i<N
2 .2 -1 2 .2 -1 2.2 -1
A, < €, A. - :
€ni*i%n < €inti (xi <l'n} =N B(xl+lan
/ 2, -1.3
<
‘ <NSB (ozn )
or d_l 2
2
e’ < np2 ( 2 ) for all i=1,...,k.
ni — A

1
This inequality shows that anl can be small only when the

error in the direction of large eigenvalues is sufficiently
small. Thus, in this case too, the first iterations are in
"the direction of the larger eigenvalues.

(It may be of interest to note that a;l is the center of
mass of the error squares eii weighted by xi and situated at
the points Xi respectively. From this fact the following
qualitative picture of tﬁe iteration process emerges: At the
n-th step of iteration the largest décrease in eii takes place

‘ at points closest to a;l . If cv_;L1 >)\p/2 (where xp is the
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. 2
largest eigenvalue for which € i > o), then the overall decrease

2 . -
in € i is larger on the right of anl and the center of mass of

2 2 -1 -1
C . - . . o ,
the quantities enfl,l i moves to the left: o nel < @ Similarly
if a—l< A /2 then a_l > a_l . Therefore, we can expect that
n P n+l n

the sequence {a;l} will osillate around )p/2. Also, since
iteration with a;l < XP/Z causes divergence in the direction
of eigenvalues xi >20zr_1l , the sequence of residuals rn = HAxn—yH
will also show an oscillatory pattern.)

Making égaip the choice xo‘= 0, we obtain from (4.4)

an a posteriori estimate for ( .
. ni

X))

el -G )o@ a2,

ni
. 2 2 . g
in terms of a bound b” > || x* |“ and the eigenvalue xi. In

particular, if A, <e¢, max o, = o and € o < 1 we find that
k

.| <b |n o € |
ni

|¢

5. Numerical Solutions

The convergence of the simplified method of steepest des-

cent (4.l1) is very slow. Although, it is relatively easy to

approximate the first eigenvalue Ki and execute a large number

of iterations x

R Sl with p = 2 9/7\1 0 <@< 1 however,

this advantage does not compensate for the low rate of con-
vergence.
A better approach is to execute a small number of iterations

(usually one or two) with each element of a sequence
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by = 2ei/xl e.g., ei = (1 + i/N)/2. The results obtained

by this procedure are generally not inferior to those obtained by
the standard steepest descent method; moreover we do not run the
risk of oscillating approximations. Tables la and 1lb exhibit

the solutions obtained by these two methods. Table 1lb also shows
the oscillation of the coefficient o as described in the pre-
vious seétion.

A more effective version of the steepest descent method

( [6] p. 608 ) is based on the formula
(5.1) x =x + q,r + o Ar +...+ o Ap_lr
n+l n 1 n 2 n P n
with
rn = Axn—y )

The ccefficients @, are determined from the condition that
the functional (Ax,x) - (x,x) be a minimum i.e., the @y satisfy
the system of eguations

(5.2) (Aj—lrn,rn) + f @y (

This method is more then p times faster then the standard
"steepest descent method. In actual computétion the sequence
of iterates is somewhat similar to that of an asymptotic series:
while the first few iterates are approaching the solution, the
iterates of higher order usually tend to infinity. The residual
norm r_ = I Ax - Y | shows a similar pattern: at first r

diminishes, but later it increases indefinitely. (In contrast
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to the standard steepest descent method - we cannot expect here

oscillation since X 1 is a linear combination of several indepen-

-1 . . . .
dent vectors xn,rn,..., Ap rn and it does not point in the direc-

tion of a single eigenvector.) However, it is only approximately
true that the best approximation (in the sense of uniform norm)
corresponds to the smallest value of I r_ l. As a rule we have
several approximations whose residuals are of the same order.
From these we choose according to a predetermined criterion.
E.g., in our numerical experimeﬁts the solutions are polynomials,
analytic functions and rational functions with no singularities.
Invariably, the smoothest iterate (Ji‘(§'n)2 = min ) furnished
the best (uniform) approximation.

Except for tables la and 1lb, the term "steepest descent
method" refers to the iteration defined by formulas (5.1) and
(5.2). We found experimentally the value p = 3 yielding the
best results, solving (5.2) by a simple Gaussian elimination.

A larger value for p would speed up “convergence" so much that
‘no smooth approximation would be obtained at all.

It is known that the proper choice of the initial approxi-
mation is essential for success with the steepest descent method.
The choice X, =y yields g =-Axo—y =g ki(ki*l)g; P, - Appearently,
the components of r, in the direction of the smaller eigenvalues
are relatively small and the best approximation at the beginning

(see sec. 4) is achieved in the direction of the larger eigenvalues.
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The‘choice X, = Ay (or even X = A2y) is still better.

The method of conjugate gradients has some of the character-
istics of the steepest descent method, but it is essentially
a direct (finitej method. Consequently, the iterates of higher
order are oscillatory. Nevertheless, tbe first iterates which
are nonoscillatory do p;ovide in some cases better (uniform)
approximations than those produced by the steepest descent
method. Another advantage of the former is in the relevance of
double precigionvprocedures which yield results twice as good as
those obtained by single precision procedures. However, the
iterates are generally less smooth tﬁeﬁ the ones obtained by the

steepest descent method.
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GO IGrngen BO-30G9T N IC-S36gey*n i 6599y
LG GEE D . (=3 0 10-3%424%°*9 £ GENT ¢
A0 ICC0RN BO-4£G9T N 10-3L%2%*D 4 3151
Toogicngee S EC=a33c 60 10-37440h*n | 1° £%23°1
AVOE 0SS U3 AVON TUNGIS Y AYON U0Re] ON 7Ll vAd v




AFTER S ITERATICNS BY STEEPEST CESCENL

A | EXACT SCLLTICA ITERATED SCL. RESICLAL
C. ' 1.C0CCCC C.G9ET€5 Ce
CeC25 (596375 Ce$5G€225 C«7451E-CE
CeCEC (.5975C¢ C.SST0E7 Ce
GeC75 C.5944C¢ CeSS€4CSH C.
ColCL C«59L0SS Ce552952 -C.7451E-Q8
Gelch (.584¢€15 C.58¢818 Ce
Ue18¢C C.$77566S¢ C.575Cz17 C.
Cel17% C.STC2€5 £.672952 ~-C.T451E-CEB
Ce2(C (.5¢€1528 C.5623%8 Ce
Je22% (551814 C.$51675 Ce
25 C.54117¢ Ce54C872 -C.T451E-CE
(215 (526662 C.525018 -C.7451E-CR
C.2CC (517431 C.515322 Ce
Ua325 C.S044€¢ C.SC21C2 Ce.
Ce25( CEG(8ES C.E8E4(2 Ce
Ce375 C.E7€712 C.E751°%1 -C.7451E-C8
LedlC C.t6cCE€S (.E56754 -C«3725€-0¢
Ge425 C.E47CCS C.E45917 -CeT4E1E-CE
Ce4EC C.€3]¢€C1 C.83C9EA -C.7T451E-CE
G415 C.E1561C C.€14174 -C.372SE-C¢®
GeSLC C.E0LC(C C.7GEG44 Ce
Le525 (.782625 C.7€28¢€7 -C.3725E-CE
LeSEC (761754 CeTEESCT C.3725E-C¢€
L.51% (.7515217 C.751921 ~C.7451E-CE8
Ce€CC C.735264 C.727C17 -C.T451E-C8
Ceb5 C.7151C1 C.72C471 -Ce3725E-CE
CebtC C.70cGEE C.7C4745 Ce
Ce€75 C.68€65SC C 6874652 C.3725E-C®8
Le7CC C€T71141 C.€7221¢ Ce
Cel28 (E554¢6 C.6570€2 Ce
Ca?5¢C (.€4CCCC Cet42243 ~Ce3725E-(E
C.775 (.€2475¢ C.€2754C ~-C.3725E-¢8
C.8(C (.EQGTEE C.€121%2 Ce
C.825 €5£017 C.56¢€9¢2 C.
GeBEC (.58(5¢%2 £€1173 C.
0.875 C.56€272 C.5€€429 C.3725E-(C8
CeSCC C.5524E¢ C.*S10¢Y Ce3725E-CE
C.5c5 €3£6(2 527725 Ce
LeSEC C.£25¢€24 C.5226¢€2 C.37125E~-CE
L9575 C.512€5¢ C.5C59%3 C.
1.CLC C.50CCCC C.4G55¢€3 Ce

EFRCR NCRM = (.17E0E-C2 RESICLAL NCRM = (C.422EE-(E

EXACT SCL. NCRVM = (0.8C17E (C ITERATEC SCL. NCRVM = (C.EC17E CC

1 -1 _ 2+s =
L: (L+s+t) ~ x(t)dt = [1n (J7%l+ )) + E-(l+S)][l+(l+S) ] Y(s)
x(t) = (1+1:2)'l ; xo(t) = Y(t)

Table lc



2(ks)

LFIEER €

T ExACT SCLLTICN
Coe 1.CCCCCC
UeCct (.696G27¢
C.CEL (.GG1ECE
C.Ci5 (.G6944(¢
C.1CC C.59(L(C6S
Celch C.984¢1¢%
CelEC («G776¢CE
Celi5 C.ST(C2¢E
C.2CC (.G5€155¢8
Celct (551814
Ce28C (.G41171¢
Cell5 C.52G£572
C.3(C (.G617421
Ce2¢5 CS044¢E
Le3EC C.E9(CEES
Ce37C C.ET¢€712
C.4CC C.E6cCES
Cetc® C.E847CCS
C.4tC C.E31¢C1
Gel15 C.E1591C
C.5CC C.ECCCCC
G825 (782626
C.5t¢( (767754
Ce8575 C.1515217
C.6LC C.7352%4
Uebc® Ces7151C1
CattC C(.7C<¢SEE
.75 (.€8€G¢CC
CalC( C.E671141
Cal25 Cel5E4¢S
Q.75C CJ€4(CCCC
Cel15 C.€624175¢
Ce8CC C.€CS7¢6
CeB2S «S9EC17
C.E5C (.5E8(cE2
C.E15 C.C6€372
C«SCC LeE524¢E6€
CeG25 «£3EG(2
CeSEC (.E28€c4
C.S75 (.C1zE5¢€
1.CCC C+E0CCCC
EFRCR NCRM = (Coece(Q27E-(c<¢
EXACT SCL. NCENM = (.8C1@E CC
Jl (1+s+t) 1 x(t)dat =
(o]
x(£) = (L)t

ITERATED SCL.

C.%5%¢5C5
.564811
C.GGE2ES
C.59€71¢€
€C.5G2244
C.GET4€4
C.581412
CeG74358
CeG€2774
C.5532¢5
CaS4ac7c1
€.5268171
C.515658
C.5C27C1
C.E€£86S
C.E749¢€2
C.€5682C
C.845242
C.£2692¢8
C.£12841
C.797654
C.78212¢
C.7¢%811
c.75C8C7
C.724724
C.7152¢C
C.7C234¢
C.€8157¢
Ce.€71547
C.€5¢228
C.€41952
C.€2€4S1
C.€112%5

«SG5E655

«£819c¢€
C.E€7111
C.5527¢¢8

«£36027

«£252¢C
C.£118%2

C.4G5€522

RESICLAL NCRV

ITERATEC SCL.

xo(t) = Y(t)

Table 14

NCRV

ITERATICNS €Y CCNJLGATE GRACIENT

RESICLAL
C.9312E-06€
C.819¢eE-C¢
C.72C2E~CE
C.EEBTE~CE
C.5737E~C¢
C.4S17E-C¢
C.4321E-CE€
C.3725E-~-(C¢
Le3CG2E~-CE
C.2522E-C¢
C.2CEEE~-CE
C.1€C2E-C¢
C.1CBCE-Q¢
C.67CEE-CT
C.2SECE-CT
C.3725€-0¢8
C.3725E-07
C.7C78€E-Q7
C.1CCEE-CE
C.1341E-C¢
C.l€2GE-0Q¢C
C.1GC0E~-0¢
C.21GEE-CE
C.2384E-C€
C.2€08€E-C¢
C.2E31E-GE
C.3C55E~-C¢
C.331¢E-C¢€
C.34€5E-C¢€
Ce3€51E-CE
C.27€2E-0CE
C.3G54GE-CE
C.4135%E-C¢
C.4284E~CE
Ce44323E~-CE
C.4€1GE-CE
Ce4731E-CE
C.4E843E~-0C¢
C.4G55€E-C¢
C.5CEEE-CE

«5178E-CE

Ce3623E-Cé¢

C.ECLTE CC

[ln(2ts ) + E.(l+s)][l+(l+s)2]_l = Y(s)



T
O.
0.025
0.050
0.075
0.1G0
0.125
0.150
UGa175
0e2CU
(e.225
0.250
U275
0e3C0
0.325
00350
0375
0.400
Uet25
0.450
0.475
Ue5C0U
0.525
0.550
0.575
Ues6LU
0625
0.650
Ue 675
0.700
V725
0.750
Ue 15
U.8L0
U825
U850
U.875
0900
0.925
().950
0.975
1.0C0

ERRCR NCRV

EXACT SCL.

L: exp(-st)x(t)dt = n(l+exp(-s))(s2+n2)_

x(t) =

AFTER

EXACT SCLUTICN

sin(mt)

L.

CaG7845Y
C.15¢434
(.233445
C305017
C.382683
Ce4536G50
Le5224G9
C.58B778E5
Ce649448
C.7071C7
Ce760L4CH
C.BO9ULT?
Ce85£640
C.8910C7
€.923880
Le551087
Ce972370
C.9817688
Ce99€917
1.CO0C0CCOH
L.59€917

C.9676E8

Ce974370
£.6510¢%7
CeG9238EU
C.8910C7
Le85£640
C.805017
C.7604C6
C.70710C7
Ce€89448
C.587785
522499
Ce453941
C.382683
C.305017
C.233445
C.l564324
C.C76459
C.C0OGOCY

= C.1403t-C1

NCRM = Q.,7C71E CO

: xo(t) =t

1o ITERATIONS BY STEEPEST DESCEND

ITERATED SCL.
~0a0.34562

0.<53576
C.15011%
0.236676
C.317344
G.395378
0.469754
0.538346
0.6030¢1
0.€62769
0.717418
0.767022
C.812638
U.B5163y
0.886640
C.515953
£.94C386
0.959309
0.573052
0.581342
C.582729
0.981887
0.97408J
UeS61U68
0.942667
0.918254
U.89C382
0.855517
C.816625
0.771932
C.721187
Ce€66912
0606960
0.542521
Ga4T2187
0.39€927
Cedl8r4l
0.234155
G.145129
Co05084%

RESIDUAL NORM

ITERATED SOL. NORM

1

Table 2a

ALSI0UAL

—Se894lE~-07
—seD210E-0:7
~Ue3125E-U7
—Jelb4uyuE-07

Je (4515-.8
Uel&90c~,7
0e2235E-0T7
Uel235c-0T1
Te2235E-ul
e2235E-071
el 235E-u1
Je2235c-07
Ge2225E-01
vel4vgdE-07
Jellbli-ii8
Gela51L-28

Ve

Je

-J.7451kE-03
-jeT451E-08
~SelagE-17
-Jel490E-131
-J.1863E-017
-0418036-.7
~VelB&3E-UT
-5elB&3E-0T
-Je.1118E-u7
—Je2235E-07
—JelliBFE-07
—1all35E-4T7
-Jdell18E-07
-~ 637250 -8
-U.3725€£~.8
—Je3125E-18

Ve 3725E-08
).1118‘_:‘~.'7

Je

Je3725F-u8
De3T25E-ut
Jellld:z-u7

e

Ve l543E-07

Je 1Tk

G




T
Ue
U.025
0.U50
0.075
0.1C0
0.125
Us.150
0.2u0
0.225
U250
U0275
0.300
Ue325
U«.350
0.375
U.400
0e4l5
U450
U.415
0.5C0
Ue 525
0.550
U.575
Ueb6c5
U.654U
0.675
0.725
0.750
0.715
Ue8UG
U.825
0.850
G.8175
0.900
V925
0.950
0.975
1.0C0

ERRCR NCRV

ExXACT SCL.

(@)

x(t)

A

NCRM =

Il exp(-st)x(t)dt

sin(mt) H

FTER 15
EXACT SCLUTICA
Ce
Cel 7845y
Ca156424
Le233445
Ce30%017
Ce3B8i6E3
Ce5395(
C.5224659
« 2817785
Le€45448
C.7071C7
C.7604C6
C.805017
CeB852640
C.8910CT
C.5228E¢C
Ce551U57
L7370
C.98/6¢t8
C.396917
1.40000C
Ce996917
C.987688
Ce972370
Ce951057
C.523884u
C.8910C07
C.85:64y
C.805017
CeT760L4CH
C.7uT71C7?7
C.€49448
C«587785
Ce524459
(4539561
L.3826¢t3
C+309017
Ce233445
C.l15¢€434
C.078459
CeCOCILU

Ce4l199t-C2

Je7LT1E Cu

xo(t)

m(l+exp (-

ITERATED SOL.
g.Cciglar
Je8B2931
Celb4743
0.232887
0.30GC737
Ue3740853
Ceabb22%4
Ce51£930
U.589576
Ce€4a5442
Ce703775
U.756872
C.8072417
857706
GaBYL2G4
0.529571
Us9530038
Ce371098
Ge990510
1.C00132
1.6G22%4
1.C0C346
02591933
0.970315
Je953460
GaGl760
J0.834712
0.850099
Ce813357
C. 758531
0700925
Gae€45235
Ce587179
J.525369
C.4523(2

«278BlLy
Je317354
Ced35955
LUelblukS
CelT7297

RESIDUAL
ITERATED SOGL.

s)) (s2+m2) L

t

Table 2b

ITERATIONS BY CCNJUGATE GRADIEANT

RESTOUAL
—_e35Ttc—106
—Jje3576L =16
—ue3651E-06
~Ue 365100
—1e3570L 0106
~“UeldbI6F-L6
—loe 3631&‘)(‘
—ie3EDIF-0L6
—Je312%E-16
- 4372%E-.6
T e 3 I.?")F"'f)
~Je3125k-0b
—ue 3B -0
~ e 38T4E-06
- Le3BUJE~VE
~5e3BT4E-06
—Je 3BV =-Ub
—Jseld3bT4k~-uUb
~Ue3945E -6
~Je4u23E-0s
~ e 39836F =00
“lehul3ti-16
~Jebuld3t -k
—Je4uZ23E-.16
—Je4CELL -6
~JehiiZ3FE-1€
14,4558 E- 46
—Je84uZ3T-06
—Je@4UIYE~0E
- e 3G HHE—IE
—le3Y4dt— 4
~LUe3YbE~-ub
-Ge3I12E-06
~Je3874E-010
-~Je38 . JE-ub
- e 368%E~-16
~Je JEHSE -G
-Je3614E- 36
—Ce$532E=-0U06
—ii e 3316E-00
-Led241F-06

e 3l l2E- 6

NORM

A9

NIIRM JelUT2E



AFTER 15 ITEKATICNS BY CCNJUCATE GRACIENT

T EXACT SLLLTICA ITERATED SOL. RESTOUAL
Ue Ce C.C08553 Us4120D-08
VeuZh C.UT845 7 .(8C145 U.5592C-18
UelSU Col5¢434 Ce15€917 U.37400-09
GeUl5 C.233445 G.23225%5 Ge2623D-UB
e 0 Ce309017 Ce303284 O« 7652D-09
Uele5 C.2826¢3 Ue3785€6 -3.4640D-08
Jel5y (452950 f,e452119 -0.3649D-09
Jel75 €.5224S9 C.521367 ~G.4328D-08
Ue2ul Le5877€5 0.5872¢6 -0.60180-08
Geldeb L.e45444 Ce649913 -U.25820-08
Ue25C Co707107 C.70€623 -0.6GC19D-08
G.275 C.7654C6 Ce761418 -0.93320-08
Ue3Li C.805017 C.814617 -0.3242D0-08
4325 C.85:640 C.856054 ~0.76€69D-0G
Je350 C.€91CC7 C.E919C5 ~0.4162D-08
Je315 Ca9228E0 UeG27474 -0.2061D-08
Uehll C.551057 6+.954152 ~Ue2241D-08
Getih C.S7237¢ C.5732C2 -G.13310-08
UedSy C.9876¢€8 G.988328 ~0.6695D-08
O.415 Ce59€917 C.99724% ~0.6157D-08
GeBLU 1.C3C0Cuy 1.06C159 -0.1C81D-u8
Ge525 Le99€917 £.594917 ~0.218€D-08
Uab50 C.9876E8 C.i85244 0.684CD-0Y
Ue515 LeGT237C (.969738 G.1749D-08
GebCU CeS51087 Ce548517 0.20610-08
Jeb6i5 C.523885 6.92%5113 -G.1252D-U8
Geb650 C.8910C7 C.c871¢€3 0.31790-05
U615 C.852640 €.8455C1 J.9876D-0%
Gellu C.80%5017 C.B0€526 ~0.306360-06
Jel25 C.7604C6 C.76C934 G+49370-09
UeT50 C.7071¢C7 0.709346 0.1740D-08
UellH L.€49448 Coe€503459 3.26G390-G9
Ue8CU C.587785 C.58G5€8 0.2600D-08
UeBéH C.522459Y £.5265€2 C.3596D-08
G.850 C.453950 C.4517226 0.1062D0-08
UeBT5 (382683 C.387114 0e14180-0Y
Oes0u Ce305017 0.3083¢1 G.2413D-08
U325 C.233445 C.2312071 Ue2491C~-08
Ued5y C.15¢424 C.155426 0.3261D-08
e Th (.CTE459 C.L76327 0.12850-08
1600 CeCUCUCT -3.CC5883 0.20G28L-0¢
ERRCR NCRM = (.2706L0-02 RESIDUAL NORM = (.3(930-U8
EXACT SCL. NCRM = Go7071C Gu  ITERATEC SOL. NORM = (G.7C71C CO

Lj exp(-st)x(t)dt = 1-r(l+exp(-s))(s‘2+112)_l

x(t) = sin(mt) ; xo(t) =t

Double precision
Table 2c



ITERATEC SCL.

-L.(371¢2
C.CE79cE
C.1463%7
Ce23€362
C.21827¢€

«2GE4ES
C.47C383
C.52G64¢€2
C.€C41CE
C.€€246G8
C.71€E1¢S
C-.7€7612
Cetlz71S
C.852529
C.EBE4ET
C.5155¢3
C.5369%4
C.55€E6(C5
C.57204C
C.G58C629
C.5821¢&7
c.5811132
C.5732¢4
C.5€C423
C.5420S1
C.S51€1¢s
C.8S5C1C1
C.E8554%4
C.E1€6¢S
C.172041
C.722253
C.€€15CSE
C.€C715¢€C
C.£42141
C.472847
C.2G5754¢
C.21E6¢4
C.224015
C.144568
C.C5C06G¢

-C.C486C7

RESIDULAL NORWM

ITERATEL SCL.

PFTER 5

T EXACT SCLLTICA
(J. c.
GC.Ceb (.CTE4¢55
C.CEC (.15¢€424
CC75 Cez2344F
Ca1CC (.205G17
Coalct (.28c€¢E2
C.lEC (.45299(
Geli5 C.£2245%
Ge2CU «£B17E5
Leleb Ca€45448
CadtC C.7071C7
Call1% C.76C4LE
Ce3CC C«E0SQ17
Le3225 (.E52€4C
Ce3EC C.891CC7?

« 315 (.5238EC
Ce4(CC (.551CE7
C.4c5 CeG7c27C
C.a:(C C.G87¢€¢€¢8
G475 (.59€617
CeSCL 1.C0CCCLC
GeHe5 (eG9€517
C.SEC C.G81¢€¢8
C.E75 CeST7c27C
Le€LC (.G651CE7
Ce€2S (.92328BEC
C.€5C C.E91CC?
C.€15 (.85c€64C
UelL L C.ECSC17
L1725 (.76C4CE
Ce75C C.7071C7
G775 C€4G5448
Ce8(C C.817¢E¢
C.825 {e£2c456
C.85C C.4532951
CelTY (.282¢¢€73
L.5CC C.208C17
Le9e5 Ceacz22244F
C.95C C.15¢€424
CeG175% (L 7E4CS
1.CLC (.CCCCCG
EERCR NCRNM = (.1471E-C1
ExACT SCL. NCRVM = Q.7C7T1E CC
Jl e Stx(t)dt = m(l+e, s)(sz+n2) 1. Y(s)
o

x(t) = sin(mt)

xo(t) = Y(t)

Table 2d

NORM

ITERATICNS BY STEEPESY CESCENC

-

RESICLAL
C.357€E-C¢
Co275TE-CE
C.2086F-CE
LC.15€5E-CE
C.8G941E-0G7
Ce5215E-C7
C.7451E~-CE
C.2235F-C1
C.5218E-07
C.81G€E~-UT
C.1C43E-C¢
C.1152E-0¢
C.1241E-C¢
C.141€6E-C¢
C.l4aléE-CE
C.14G0E-G¢
Cel5¢5E-C¢
C.15€5E~-CEe
C.145CE-C€E
C.141€E-C¢
C.1278E-C¢
C.13C4E-CéE
Cel22GE-CE
C.1C8CE-C¢
C.1CCeEE-CE
C.8941E-C7
Ce67CEE-07
C.55E8E~-07
C.2€CEE-CT
C.ll11EE-C7
C.2725E-0¢8
C.3383€-07
C.5G€CE-CT
C.8G941E-C7
C.1155E~-C¢€
C.1452E~-C¢€
C.l92/E~-Ce
C.22712E-CE
C.26E2E-C¢
C.3C92E-0¢
C.357€E-C¢E

C.147EE-CE

C.7C7CE CC



T
Co
G.C25
C.CEC
CaC75
C.1CC
Ueleh
CelEC
Cal75
C.2CC
Ce2¢5
UelEC
CaliH
Ge3(CC
Ge325
Ge3E
Ue315
QealC
Uebe5
Uebt(
{;.“75
0.5CC
CeSct
UeSEC
Ce57H
C.6CC
GCeteb
GetEC
0.10C
CeT25
GetEQL
C.1175
Go.80Cy
Ve lBECQ
1.815
CeSCC
Oe9ch
GeG15
l1.CCC

ERRCR NCRWM
EXACT SCL.
rl

x(t) = sin(nt) ; xo(t)

I e St (t)at

ExaCT SCLLTICN

C.

C.C7E4ES
(.15¢€424
Ce222445
t.206C17
C.28c¢€E2
(452550
(522456
C.5877¢£5
Le€a5448
C.7011C1?
(e76C4CE
(.E06017
C.85c€4C
C.ES1ICCT
(eG228EC
(.651C¢7
Ce57237C
Ct.S587¢¢8
(.59¢517
1.C0CCCC
(+59¢€G17
C.G8i7¢t8
CeST7227C
C.551C¢%7
Ce5238EC
C.EG1CCT
C.E5264C
C.809C17
Ce76C4CE
C.7071C7
C.€4G448
C.E8177E£5
(.£2245S
C.452661
(.282¢F7
(204017
Ce232445
C.15¢€424
C.C784¢5
C.C0LGCG

(e £220E-C2

MCRM = Q.7C71E CC

ITERATED SCL.

C.C126¢6
C.CECSEE
C.156344
C.23€E0CS8
C.2G€4E5
C.27€3¢48
L.4516%4
C.£14456

.£6C0¢¢
C.t4€2¢¢
C.70G48ES
C.7528¢¢
C.E123€3
C.EEG3ES5
C.ESG1141
Ce522524
C.5526¢€2
C.S7E3C1
C.564722
C.5G€217
1.CCCIE8
€.965628
C.G8E2¢1
C.5718CS9
€C.54S0C3
CeS517479
C.€61722
C.E471CC
C.8143¢2
C.75€828
€C.7021¢€3
C.€4565C
C.£927¢54

«£221171
C.4528¢¢
C.27€26]
€.22C221
Ce.23G423
C.156544
C.C75453
C.CCC425

RESICUAL NGRVM

ITERATEL SClL.

= n(l+e"5) (s2+m2) L = v(s)

Table 2e

PFT1EF  1C ITERATICNS BY CCNJLGATE GRACIENT

RESICLAL
C.447CE-CT
Cad447CE-CT
Ce441CE-CT
Ce5215E-CT
C.5215£-C7
Ce5215€-07
C.5215E-07
Ce€7CELE-CT
C.59€CE~-C0T
Ce€T7CEE-O7
C.ELTCEE-QT
C.€1CEE-CT
C.e1CEE-0QT
C.€T1CEE-0T
Coe74%1E-07
Ce7451E-CT7
C.7451E-07
C.7451E-C7
C.74%51E-0Q7
C.74%1E-07
Ce7823E-C7
C.7823E-0Q7
C.815¢E-Q7
C.815€E-C7
C.7823E-07
C.85€EE-C7
C.7823E-07
C.815€E-07
Ce7823E-07
C.B5€EE-0T
C.BSEEE-CT
C.85€BE-07
C.85€8E-0LT
C.8S¢EE-07
G«8G41E-GT
C.G313F-07
C.8941E-07
C«9313E-07
C.9¢8EE-QT
C.1C42E-Cé€
Ce.lC43E-CE

CeT16ELE-QT

C.7C72€ CC



AFTER 5 [TERATIONS BY STEEPEST DESCEND

T EXACT SCLUTICAN ITERATED SCL. RESIRUAL
0.025 C.9523¢81 0.9506110U Ue3TZHE-UT
U.050 C.9090UG1 Ue912321 Je2235C-07
0.075 Ce8695€5 UeBT1024 Jel2b6LBE-ULT
0.1G0 (.833323 Ce837341 Ja T451E-118
0.125 €.800C0C0 C.8042438 e
0.150 Ce769231 Ca773260 —JeT451E-04
Uel75 - Ce74C741 (e744258 —Jde.1118E-07
0.2G0 L.714286 0e113734 =J.1491E-08
0.225 C.689655 Ue€90370 —e186L3E-17
V250 Ce€6E6ET Ve667022 =Jed235E-07
Ue275 C.6451¢1 Cet44453 —e2235E-01
0.300 L.625000 Ge6231¢5, ~0e.26C80-07
U.325 C.€060¢€1 Ue€01213 —-Uel1863L—07
U«350 (.588235 J.583111 -D. 1863 -07
04375 C.571429 Ce5617248 - Jel235E-u7
0.4C0 C.5542556 $.551971 =0.2235€E-01
0.425 LaB4(54]) 0537743 —Uel23%E-07
0«450 C.526€6316 0.520483 —Celll8E-u7
0415 C.51¢821 U.5104C3 ~lel863E-17
0.500 L.50C0C0L C.49%0u(6 ~Uelb63C-U7
U.525 C.4878C5 Ce4872EC ~iiel49ur=-07
Ue55%0 Le47€150 0.476035 -J«1118E-27
0.515 L.465116 0465418 ~Gel4b1E-08
Ge60C0 C.454545 G.4556¢E6 ~0.7451E-08
0e625 Ceb44444 Ce447332 ~Jef4b1E-UB
U650 C.434783 0439149 -JeT451E-ut
0.675 Ce425522 Ce43C06€0 ~Ve3T25E~UL
Us7G0 C.41€6¢€7 C.411719¢4 JeT451E-C8
O.725 C.40b81¢€3 De4116CC Se3T25E-0U8B
0.750 C.40L0CU J.404986 Je3725c-0E
0.715 Ce394157 U.394788 Jeo1118E-4T
U.8C0 C.384015 0.389086 Je 7451708
D.825 C.37171358 Ce38C049 Jel304t-7
0.850 €Ce370370 Ce371947 JelB&3E-1
0.875 Ce363626 Ce3649¢6 Jel&16E-UT
0.9C0 Ce357143 C.358618 UelbaSubt:=0/
U.925 Ce350877 (i«348698 Je2235E£-07
Ue950U C.3448¢8 $.340073 Je2608E-uUl
0.975 Ce338983 Ge332395 1e2194E-47
1.000 €.333323 Ue324663 Jeldl54E-01T
ERRCR NCRNM = (.2494E-C2 RESINDUAL NORM = [.18541-07

JeDTT4F U

it

EXACT SCL. NURM = J.5774E CO ITERATED SCL. NORM

J;)l(l+s+t)_l x(t)dt = (1n3+ln(l+s) - 1ln(2+s)) - (Zs+l)-l

x(t) = (L+26)"% x (£) = -t

Table 3a



AFTER 1C ITERATICNS BY STEEPESY CESCENC

[eNaNeNeNeNaNoNoNeExcNaloRolaloNalaleloNaloNallelNelal

T EXACT SCLLTICN ITERATEC SCL. RESICUAL
C. 1.CoL0LC C.5G€2¢6 C.3725€E-CE
CoeCed (.6523¢1 C.55267¢C ~C.3725E-CE
CaCtvu (.50sCS1 CeSl4462¢C ~C.T451FE-CE
C.C75 C.E695¢5 C.E6¢€48E7 C.3725E-CE
LelCC (.£32223 C.€22835 -C.3725€E~CE8
Celes C.80CCCC C.8CC218 ~Ce3725E-C8
UelEC (.76%221 C.7€S915 -C.32725€E-CE
0.1%¢ (.74C741 C.744678 -L.7451E-CE
Ca.2CC C.714Z2E€ C.7C1725 C.3725E~-CE
Ce22b C.€BGEES C.€5C517 -C.3725E-C®8
Ca2tl C.E6€€E€E7 C.€7(728 -C.7451E~-CE
Cedl5 C.€6451€1 Cet4E722 -C.7451E~-CE

«3LC L.E25CCC C.€25326 -C.3725E~(CE8
<3225 C.€0€Ced C.€CCH2T G.3725E~CE
«35¢ (.EBEZZE C.585815 C.
«215% (571426 C.5€5417 c.
«4(C C.55E¢c¢c¢ C.55€172¢C -C.3725E-CE
«425 Ce.54(541 «£41525 -C.3725E-CE
«4EC (.£2€21¢€ Cef2C222 Ce3725E-~CE
<415 Cef1cBc1 «£11628 Ce.
«5CC C.EGCGCC C.5Cz1%¢C -C.3725€E-C¢8
«525 .4878C5 C.486625 -C.2725E-C8
«5EC C.47€15C C.4771¢6€ -C.2725E-CE
«215 C.46E11¢ C.4€26€¢€1 C.
«+6CG C.454545 C.45¢€5¢€6 -C.37¢5E-Cé8
«€25 (.444444 Ce44€51C -C+3725E~-CE
«ESL C(e4347E€2 C.4374¢5C -C0.3725€-CE
«€15 Ce42E85272 C.428322 -C.3725E-CE
«7CC C.41¢€€€7 C.4127C6 C.3725E~-CE
«1e5 C(.4GE1€2 C.4C7428 C.
« 715G C.40CCCC C.4C18¢ES ~C.3725E-CE
« 1715 292157 «25C411 C.
«8LC (.284¢€15 C.28¢€362 -C.3725E-C8
« 825 (277258 Ce27¢725 ° Ce
«8EC C.27027¢C C.2€G6274 C.
<815 (.262¢3¢€ C.2€42¢17 ~C.18€3E-C8
«SCC (.2571432 C.3€15¢6 ~C.55€8E~-C8
GeG2d (250817 C.35CLl7¢C -C.18€3E-C8
C.GEC C.24482E «2429C2 C.
C.G15 C.23¢9¢€2 C.227571 C.
l1.CCC C.2332323 C.332571 -C.18€3E-C8
EFRCR NCRVM = Lec€M4E-(2 RESICLAL NCRVM = (C.3¢€9CE-CE
EXACT SCL. MNCERM = (.5774E CC ITERATEL SCL. NCRM = {.5774E (C

1 -1 _ +1 -1 _
XO (L+s+t) x(t)dt = [ln3+ln(§;7)](2s+l) = Y(s)

x(t) =(1+2t)'l ;ox (£) = ¥(t)

Table 3b




AFTE

T ExACT SCLUTICN
G 1.0000C3
0.625 C.952381
0.050 905091
0.075 CeB695E5
0.1C0 ¢.833333
0.125 CeBUUVILD
U.l50 CeT6492131
Q.175 Ca740T41
0.200 C.714286
0.225 Le68Y9655
0.250 CeCEELET
G215 Ce€451€1
0.300 C.6250UC0
0.325 Ca606G061
U350 C.588225
gea3175 C.571429
U400 (.555556
Ue425 Ce540541
0.450 Ce52631¢
0.475 L.512821
0.5C00 C.50000C0
Oeb25 C.4878(C5
0+550 C.47619C
Veb57H C.465116
0.60G0 C.454545
Ueb625 Ceb44444
Ueb50 C.434783
Ueb15 L.425532
0.7G0 C.b4lebe?
D725 Cs4081€3
0750 Cea0LOCU
0.775 C.392157
0.8C0 {.38461H
U825 C377358
U850 C.37U37%u
0.875 L.363636
0.900 C.357143
0925 C.35u8177
UJe950 C.344828
0.975 C.33856983
1.0Cu C.333333

ERRCR NCRVM = C.

EXACT SCL. NCRM

1 -1
£3(1+S+t) x(t

x(t) = (1+2¢)7 T

R 5 ITERATIONS BY CONJULGATE GRACIENT

1531E-¢C2

= 0.5774E GO

)dt = (ln3+ln(l+s) - 1ln(2+s)) - (2s+l)"

: xo(t)

[TERATED SOL.

Le9935419
C.%49321i
C.908370
Ve BT0UVGE
C.834H5948
CeBU2044
G.77158°2
C.743018
Ca.7162C0
QetI1453
C.668153
Ce€4€255
0.625718
04606339
C.588126
Ja.571022

Ce554966

C«53G6656
Je525083
Ue.9211551
Ue498643
C.486308
GeaT4629
£«463510
C.453053
0.443089
$.433534
Cet24423
0+415552
Ge407253
Ue399454
C.391779
C.384527
Ce3775594
C.370837
Ce3644¢E0
C.358440
C.3523¢€5
Ce34€606
C.3411¢5
G«335885

RESIDUAL NORM

ITERATED SOL.

Table 3c

|

RESTDUAL
Ue30L1TE~-06

UelbHZ2i-Ub
Je2384F-06
delY74E-06

JelTH1E-DO
Je L49UE-01E
vel3at -6
UellY5E-06
VeHo68E-7
e l823E-uT7

~Le6333E-07

JeaB43E-01)7
Je3725E-07
Jel235E~07
e 11 18E-UT
Je3725E-08
e l451E=-D8
JelllBE-07
we298JFE-07
Ce3353E-07
Ge3T125E-07
Je4B43b-07
JeDHEBE-UT
UebT1G6E-UT
vel45tE—-0T
ve [451E-0UT
Le8568FE-27
0.8568E-07
Dellibt3t-16
Ve LUG3E—-06
JelllBE-ué
UellY2E-Ub
Jel229E-06
Lel2BBE~-U6
Jel378E-16
Jel397E-006
Tel4l6:-06
e l527E-0E
Jel6L2E-CE
O0.16c1F=06
Gelb9ot =136

Jel2uol-06

seD 1 (3E Ul

1



e

C.Ce5
C.LEC
0.C75
CellC
Geleb
C.lEC
GCel15
CedCC

SCcoCcoc o
e & o o & &
(SR SV U UN I G S ¥
- AN Nl N
AN COAR Cran O AN

Ge4CC

ERRCR NCRS

ExaCt SCL.

M (1+s+t) Yx(t)dat = [1n3+In(8tL)](2s+1) 7L = v(s)
Jo s+2

x(t) = (L+2t)" ;

LFTEF C ITERATIONS BY CCNJULGATE GRACIENT

NCFM = 0.5774E CC

ExACT SCLULTICA

1.00CCCC
C.6923¢1
€.506061
C.EEG5¢€ES
(.8322:2
C.eQ0LCCC
C.766221
C.74C741
CoTl42¢E€
C.£€8G¢€E5
C.E6E€E7
C.€4C1€1
C.€25CCC
C.E0€CE]
C.58€225
C.€71425
C.E555¢¢
C.24(541
C.22¢€31¢€
C.%1c8c1
C.20CCCC
C.4878(5
Ce47€1SC
C.46511¢
(.454545
Ceb44444
Ce0347¢t3
e4255822
Co4l€€€1
C.40E1¢2
C.40CCCC
(292157
(.284€15%
C.2773¢t8
C.27C27C
C.2¢626z¢
€.257142
C.250817
(.3448c8
C.23€E6G¢E2

€(.232323

C.71C44E~-C3

1

ITERATED SCL.

C.SSGE3EC
C.652117
C.51C4(C1
C.EEE322
C.E2323¢€5
C.ECC4ES6
C.77C071
C.741725
C.712612
C.€868¢€¢
C.€€7122
C.€45413
C.6248¢1
C.£04922

«S87143

«£71319
C.£5E1175
C.54C925
C.£24972
C.5128¢€2
C.5CCBZ4
C.4E7953
Ce47€317
C.4€4327
C.4%547C8
Ca4449E1
Ce43E728
C.42€365
C.41¢€263
C.4C77¢€3
C.4CCE€41
C.2G919¢9

«384942
c.271722
C.2€59¢%6

«262861

«25E544
C.325C6(C4
€.242871

«332€2¢3
C.232672

RESICLAL NORWM

RESICLAL
C.336CE~-CE
C«2943E-Q¢
C.2€0BE-C¢
C.23B4E-(CE
C.2CBEE-CE
C.17EBE-CE
C.14GCE-Q¢
Cal2€1E-CE
C.1155E~0Q¢
C.8S41E-07
C.€323E-07
Co4843E-CGT
C.2GECE-07
C.2235E-07
C.3725E-08

~C.1118E-07
-C.2€6CBE-CT
-C.3725E-01
-C.447CE-CT
~Ce6332E-07
-C.7E823E~-07
~Ce819€E-07
~-C.5€8€E-0G7
-C.9€8¢E-CT
-C.1CECE-CE
-Ce122GE-CE
~Cal12C4E-UE
~C.137EE-CE
-C.1378E-Cé€
-C.149CE-C¢E
-C.15€5E-CE
'C.léCZE"Lé
-C.1€7¢E-CE
-Cel714E-0E
-C.1751E-0¢
-C.1825E-C¢
~C.1G1GE~CE
-C+.19CCE-0Q¢
-C.1G1GE-G¢€
-C.1692E-CE¢
-C.2C3CE-CE€

ITERATEL SCL. NCRM = (.5774E CC

xo(t) = Y(t)

Table 3d




T EXACT SOLUTICN
Ge 1.6G300CY
U025 1.C51271
0.050 1.105171
0.075 1.161824
V«10C0U 1.2214C3
0.125 1.284025
U.150 1.249859
Uel75 l.41%0U€ES
0.2C0 1.491825
0.225 l.56£312
0.25v l.648721
0.275 1.7332%3
Ue3L0 1.822119
Ue325 1.915541
0.350 2.013753
0.375 €41170C0
0.400 24225541
Ce425 2e3396417
0.450 £.4596C3
0475 2.585710
Ue5C0 Z.118282
0525 2.857651
0.550 2.0041€¢6
0.575 3.158193
0.60U 3.320117
Ue625 3.490343
U.654 2.665257
U615 2.857426
J.7C0 440552049
Ve 725 4.263114
0.750 4.,4816E9
0.7175 4.711470
0.800 4.553022
U.825 £.206980
0.850 €e473947
0.875 5.7546C3
Ue9LlU €. 049064/
06925 £.359819
0«950 €.£85864
0.975 1.028687
1.0C0 1.389056
ERRCR NCRVM = (,1871t-Cl
EXACT SCL. NGRM = 0.3¢61E C1

Ilexp(-st)x(t)dt
o .

x(t) =

AFTER

exp(2t)

-

xo(t)

=

"ITERATED SUL.

ITERATED SOL.

[exp(2-s)-—l](2—s)-l

Y(t)

0950989
lei23810
1.€9025¢6
1.17C301
1.2317€7
1.204G48
1.373659
1.438b48
1.513541
1.58€752
1.6624C7
1.741382
1.824536
1.51€452
2.065602
2.10177S9
2209036
2.323191
2.4444€6C
2.565025
2.7019G2
2.833919
2.587274
3.144352
3.30€120
3.481065
3.£65736
3.859337
4.0634177
4.27€669
4.,499338
40734928
4.976761
5023177
5495043
5.773236
600643‘(’)
6.363456
€.€72333
€.5935¢€1
713297135

RESIDUAL NORM

Table 4a

= Y(s)

NORM

"

5 ITERATIONS BY STEEPEST LESCEND

RESINUAL
je dH83Hi-ub
el T49E-16
Ue0HSTE- 16
JeHubbE=-LUG
te3bTab-0b
Jel2ULBBE=-LE
JellG2E-U6
Je
Jellv2E-J6
Jel TERE-6
—Je2682E~06
Je32T8E-1J6
Je 3 TaE~16
J.417ZF—U6
—le44TUE-VG6
-—UeHUELLE-LE
- Je4 168Ut
—UeBUbEE-UB
-Ue5364E-06
"‘OQSU(JEJE")(J
—JebDUEHE-DE
-Je44TUE~VLE
~5a4172E-06
~e3IBT4L4E-V6
—3e32T8E-0U6
~Je23BLE=06
-J.2384F-ub
—Je LTEBE~-JE
—JeBY94) E-DT7
~Je5960E~0UT7
Ue298UE-0T
Jelub3dt=~-yé
Je L639F-06
UelH33E-U6
e 327T8E-04
Je@4ulZ3E-06
e lEbBE-UC
JeDbLbL2E-06
Je5LTE-16
Je T153E-0U6
e I T4I9F ~-UL

Ue4239E-06



AFTE

T EXACT SCLLUTIGN
G. 1.0uC0G<C
0.025 1.051271
U.050 1.1G5171
V.075 l.161834
0.100 1.2214C3
0125 1.284025
U.150 1.3438bY
0.175 l1.4190¢€¢8
0.200 1.49182%
0.225 1.568312
0.250 l.e4tc1
U.215 1.733253
0.3C0 1.82211%9
0.325 l.915541
U.350 2.G13752
04375 c+1170GCY)
0.4C0 24225541
De425 2335647
0.450 244559603
0.475 2.585710
0.500 2.1718282
Ue525 2.857651
0.550 2.0U41¢€6
U.575 2.158183
UebUU 2.320117
De625 3.49L343
Ue650 34669257
0.675 2.8517426
0.7G0 4.0552C0
G.725 44263114
U.7530 4.,4816¢E9
0.775 4.,711470
0.800 4,953032
0.825 £.20698C
0.850 54473947
0.875 £.7546C3
0.9C0 E.C49064l(
Ve925 €.359819
G950 €.685854
0.975 1.C286E7
1.000 1.389056
ERRCR NURNM = (.3932E-0C1

EXACT SCL. NCRM

1 -
Joexp(-st)x(t)dt = [exp(2-s)-1](2-s) 1

x(t) = exp(2t)

R 15 ITERATIONS BY CCONJUGATE GRACIENT

= Je.3€61E Cl

; xo(t) = Y(t)

ITERATED SCL.

1.6000¢20
lel111297
leGl4lzl
1.210845
1.124544
1.2923 19
1.325212
1.48€173
1.481047
1.557668
1599505
1.744027
1.821549
1.513864
1l.54¢6864%
2.1785¢8
2.14C4¢2
2.333626
2.508983
2.6629C0
2.1917174
2.8EEL1C2
3.013337
3.159742
3.27¢€696
3.485438
3.€44044
3.8484(6
4.008420
44295977
4.4311¢20
4.7012711
4.546289
5.176943
5.46C063
5.7426¢5
E.L5T471
6.315849
E.664310U
7.038487
T.477353

RESIDUAL NURM

ITERATED SGOL.

Table 4b

= Y(s)

RESIOUAL
JeBYHE=0T
JeBJ41i -0l
Je396LE-T
Je14YCE-~16
JeB89411~-01
Je 1l T8RE~1E
JelbliE-0¢
JelT88E-UB
Ue2UBGLE=-U6
Je1788LC-0¢
Je Ll TBEE=-1€
G.2086E-U6
Jel788BE-16
Je1788E~16
Del2 384FE~0i6
Je2iB6E-1V06
Je 2UL6E-06
Je2384E-ueb
Ue2384E-USb
Je238B4F—-06
JelTEBE= U6
Je 2UBEE- U6
UelUBOR-0S
LelTUBE-E
Je 2ULBE=16
Lel78EE- JE
Uel149UE-Ub
Tel490E-06

-J.1490F-06

e 1()4.‘(;"'1)6
Le8941E-07
Je [451k-07
9e2980E—- 41
vela30E-u7
Ue29I9RVE-DT
Je (4D1E—~0T
JelD43FE-Ui€
Lel639E-U6
Jeldl35E-ué
Je 26E2E-16

el dllE-16

ie 3661z V1



AFTER 25 ITERATIUNS BY CONJLGATE

T EXACT SCLUTICN
O. 1.5000Cu
0.025 1.0651271
U.U50 leb051 174
U.075 1.1€1834
Oe100 1.2214C3
0.145 1.2840U25
O.150 1.345859
U.17% l.419U€8
U.200 1.491825
Je.225 1.56E€312
0.250 1.648721
G275 1733253
0.3Cu 1.82211%
U325 1.515541
U«350 24013753
Ue375 241170Cy
Oe400U 24225541
U.425 24333647
0.450 24459603
Ue415 £+585710
050U 2.718282
0e525 2.857651
0.55%0 3.00416¢6
0575 2,158153
JeblY 2.32ull7
D625 3.490343
Ue650 . 2.669257
0.6175 2.857426
GeTGLU 4.0552G0
GaeTH 4.2632114
Ue750U 4.4816€S
Ve775 4.711470
Ue8C0 4.553032
0.845 £.206980
Ue850 £.473947
0.815 Ce1546(3
Ue.9Cu €.Ua5647
U.3¢5 €.359819
0.950 €.685864
0975 1.0286¢€7
1.000 1.38%056

ERRCR NCRVM = C.1165E-C!

EXACT SCL. NCRM =

L:exp(-st)x(t)dt

x(t) = exp(2t)

~e

D.3661E C1

= [exp(2—s)-l](2-s)_l

ITERATED SOL.
lau54028
Lei7C571
1.1256171
1.15Cle7
1.22C4¢y
1.2632495
1.3322260
le403121
1.475434
1.555024
1l.6446172
1.72537%
1.820458
L.317750
2.C29152
2.1175953
2el48I]12
2353317
2467240
2.5892¢3
2.7213138
2.8€6R656
3.,013575
3.16€223
3.331947
3.4793342
3.672653
3,855883
4.05€6486
4.,251178
4.47G546
4,702878
4.543784
5.230781
Se46721%9
5745951
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RESIDUAL NORM

ITERATED SOL.

xo(t) =Y(t)

Table 4c

= Y(s)
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